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On flexural waves in cylindrically anisotropic elastic rods
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Abstract

A rod theory is developed for long waves in an elastic circular cylinder with cylindrical anisotropy. Detailed results
for flexural waves and cylindrical orthotropy are given. The theory uses the method of Frobenius in the radial direction
so that the equation of motion is satisfied exactly. Then, the equations arising from the lateral boundary condition are
truncated properly, leading to a rod theory.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Classical beam theory says that the time-harmonic flexural vibrations of a bar are governed by
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� .Ax2w ¼ 0; ð1Þ
where w(z) is the transverse displacement at position z along the bar, EI is the flexural rigidity, . is the den-
sity, A(z) is the cross-sectional area at z, and x is the circular frequency. Derivations of (1) can be found in
many textbooks on mechanical vibrations, for example, (Timoshenko, 1928, Section 40) or (Ginsberg,
2001, Section 7.1), see also (Rayleigh, 1945, Section187).

For cylindrical bars, we can seek solutions proportional to eikz, and then (1) gives .Ax2 = EIk4. In
particular, for cylinders with circular cross-sections of radius a, we obtain
683/$ - see front matter � 2004 Elsevier Ltd. All rights reserved.
1016/j.ijsolstr.2004.09.015

l.: +1 3032733895; fax: +1 3032733875.
ail address: pamartin@mines.edu

mailto:pamartin@mines.edu


2162 P.A. Martin / International Journal of Solids and Structures 42 (2005) 2161–2179
.ðxaÞ2 ¼ 1

4
EðkaÞ4; ð2Þ
where E = l(3k + 2l)/(k + l) is Young�s modulus, and k and l are the Lamé moduli. Eq. (2) is a dispersion
relation. It predicts that flexural waves travel with speed c0, where c0 ¼ 1

2
kaðE=.Þ1=2.

The calculations above raise a number of questions. When is the equation of motion, (1), justified? Eq.
(1) is a one-dimensional approximation to the exact three-dimensional equations of motion; can this
approximation be refined? Is the dispersion relation (2) correct? Can similar results be obtained for aniso-
tropic bars?

Extensions of (1) to anisotropic cylinders were obtained by Voigt, Goens (1932) and others, and re-
viewed by Hearmon (1946). Thus, for a circular cylinder, Goens (1932) used the following system of
equations,
1

4
a2EAw

iv � .x2wþ 1

4
a2cAEAH

000 ¼ 0; ð3Þ

lAH
0 þ .x2Hþ eAlAw

000 ¼ 0; ð4Þ

where H(z) is the angle of twist at z, and EA, cA, lA and eA are given in terms of the elastic compliances;
EA = E, lA = l and cA = eA = 0 for isotropic solids. If we look for solutions in the form w = w0 e

ikz and
H = H0e

ikz, we obtain a quadratic equation for x as a function of k; one solution gives a pseudo-torsional
wave and the other gives a pseudo-flexural wave; the latter satisfies .ðxaÞ2 ¼ 1

4
EAðkaÞ4ð1þ eAcAÞ þ OððkaÞ6Þ

as ka ! 0, which agrees with (2) for isotropic solids. More generally, for orthotropic materials with sym-
metry planes aligned with the Cartesian xy, yz and zx planes, cA = eA = 0 and EA = E3, which is Young�s
modulus in the z-direction; for such materials, (3) and (4) decouple, and (2) is recovered with E replaced by
E3:
.ðxaÞ2 ¼ 1

4
E3ðkaÞ4: ð5Þ
In the theory leading to (3) and (4), it is assumed that the cylinder is homogeneous with respect to the
Cartesian form of Hooke�s law; we shall be interested in cylindrical anisotropy, which is natural when cylin-
drical polar coordinates are used.

Eq. (2) is known to be correct in the following sense. The exact equations for wave propagation in an
isotropic circular cylinder with a traction-free boundary can be solved exactly (using separation of variables
in cylindrical polar coordinates, Bessel functions, and so on), see, for example, (Achenbach, 1973, Section
6.9) or (Graff, 1975, Section 8.2). The results show that an infinite number of different flexural modes exist.
The lowest mode has a long-wavelength behaviour that agrees precisely with (2): the dispersion relation for
the lowest mode can be written as xa = F(ka) with F ðkaÞ � 1

2
ðE=.Þ1=2ðkaÞ2 as ka! 0. For more on the com-

parison between exact and beam theories, see (Achenbach, 1973, Section 6.11.3) and (Love, 1927, Section
202).

For axisymmetric motions of an isotropic rod, Boström (2000) developed the following method. Solve
the exact equations of motion for the displacement u(r,z) using power series in r, uðr; zÞ ¼

P1
n¼0r

n unðzÞ,
where r and z are cylindrical polar coordinates; this leads to a recursive structure in which un is determined
in terms of um and derivatives of um, with m < n. The lowest-order non-trivial terms remain undetermined
until the lateral boundary condition is imposed. The exact boundary condition is written down; it involves a
power series in the cross-sectional radius, a, which is assumed to be small. Truncation of this series leads to
ordinary differential equations. Extension of this method to axisymmetric (non-cylindrical) bars and to
anisotropic media is described in (Martin, 2004).

How should the series arising from the lateral boundary condition be truncated? Boström (2000) gives
some discussion of this question; see also (Boström et al., 2001). However, the situation becomes more com-
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plicated for non-axisymmetric motions of anisotropic rods. Anisotropy leads to non-integer powers of r, so
that the method of Frobenius is needed: various solutions of the equations of motion can be constructed.
These solutions must be combined before the lateral boundary condition is imposed, as a consequence of
non-axisymmetry.

We resolve the truncation issue here as follows. Any truncation will lead to an approximate dispersion
relation. We ensure that this relation includes all terms that are O((ka)n) as ka ! 0, for 0 6 n 6 N and a
certain prescribed N. Thus, in this way, we obtain a dispersion relation for long flexural waves in an aniso-
tropic rod. This relation reduces to (2) for isotropic rods. Extension to slender axisymmetric non-cylindrical
bars will be described elsewhere.
2. Governing equations

Consider a cylindrically anisotropic elastic rod of infinite length and cross-sectional radius a. We are
interested in the propagation of (long) flexural waves in such a rod. Let L be a typical axial wavelength;
we assume that
e ¼ a=L � 1:
Let (r,h,z) be cylindrical polar coordinates that have been made dimensionless using L. Thus, the rod is
defined by 0 6 r < e, 0 6 h < 2p and �1 < z < 1.

The governing equation of motion is
o

or
r~tr
� �

þ o

oh
~th þK~th þ r

o

oz
~tz ¼ .L2r

o
2~u

ot2
; ð6Þ
where ~tr ¼ ðsrr; srh; srzÞT, ~th ¼ ðshr; shh; shzÞT, ~tz ¼ ðszr; szh; szzÞT,
K ¼
0 �1 0

1 0 0

0 0 0

0
B@

1
CA; ~u ¼

ur
uh
uz

0
B@

1
CA ð7Þ
is the displacement vector, . is the density, and sij are the stress components. In what follows, we use a gen-
eralization of the matrix formulation of Ting (1996) for static problems. From (Ting, 1996), we have the
following expressions for the traction vectors ~ti in terms of ~u:
~tr ¼ Q
o

or
~uþ 1

r
R

o

oh
~uþK~u

� �
þ P

o

oz
~u;

~th ¼ RT o

or
~uþ 1

r
T

o

oh
~uþK~u

� �
þ S

o

oz
~u;

~tz ¼ PT o

or
~uþ 1

r
ST o

oh
~uþK~u

� �
þM

o

oz
~u:

ð8Þ
In these expressions,
Q ¼
C11 C16 C15

C16 C66 C56

C15 C56 C55

0
B@

1
CA; R ¼

C16 C12 C14

C66 C26 C46

C56 C25 C45

0
B@

1
CA;
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T ¼
C66 C26 C46

C26 C22 C24

C46 C24 C44

0
B@

1
CA; P ¼

C15 C14 C13

C56 C46 C36

C55 C45 C35

0
B@

1
CA;

M ¼
C55 C45 C35

C45 C44 C34

C35 C34 C33

0
B@

1
CA; S ¼

C56 C46 C36

C25 C24 C23

C45 C44 C34

0
B@

1
CA;
RT is the transpose of R, and we have used the contracted notation Cab for the elastic stiffnesses with
(1,2,3) = (r,h,z).

We look for time-harmonic solutions of (6) in the form
~uðr; h; z; tÞ ¼ Rei uðrÞejmheiðnz�xtÞ� �
; ð9Þ
with similar expressions for ~ti. Here, i and j are non-interacting complex units, m is an integer, x is the ra-
dian frequency and n is a dimensionless axial wavenumber. Use of ejmh rather than cos mh and sinmh allows
us to retain matrix notation below; at the end of the calculation, we can take the real part with respect to j,
or the imaginary part. We find that u(r) solves
rQ ru0ð Þ0 þ rðRKm þKmR
TÞu0 þ inr2ðPþ PTÞu0 � n2r2Muþ inrðPþKmSþ STKmÞu

þ .ðxLrÞ2IþKmTKm

n o
u ¼ 0; ð10Þ
where I is the identity and Km = K + jmI. From (8), we also have
tr ¼ Qu0 þ r�1RKmuþ inPu: ð11Þ

For axisymmetric (m = 0) motions, we recover the equations studied in (Martin and Berger, 2003; Mar-

tin, 2004). For two-dimensional motions independent of z, we recover the equations studied in (Martin and
Berger, 2001). If we also put m = 0 and x = 0 (static), we obtain the equations solved by Ting (1996).

Setting u = (u,v,w)T, (10) gives three coupled ordinary differential equations for the three components of
u. In general, these equations do not decouple.

The lateral boundary of the rod is free from tractions, whence
tr ¼ 0 on r ¼ e; �1 < z < 1: ð12Þ
3. The method of Frobenius

To solve (10), we use the method of Frobenius. This method has been used by many authors; see, for
example, (Ohnabe and Nowinski, 1971; Chou and Achenbach, 1972; Markus̆ and Mead, 1995; Yuan
and Hsieh, 1998; Martin and Berger, 2001; Shuvalov, 2003) and references therein. Thus, we write
uðrÞ ¼
X1
n¼0

rnþauðmÞn ðaÞ: ð13Þ
Substitution in (10) gives
0 ¼
X1
n¼0

rnþaGðmÞ
n uðmÞn þ in

X1
n¼1

rnþaAðmÞ
n u

ðmÞ
n�1 þ

X1
n¼2

rnþaBu
ðmÞ
n�2; ð14Þ
where B = .(xL)2I � n2M,
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GðmÞ
n ðaÞ ¼ ðnþ aÞ2Qþ ðnþ aÞðRKm þKmR

TÞ þKmTKm;

AðmÞ
n ðaÞ ¼ ðn� 1þ aÞðPþ PTÞ þ PþKmSþ STKm:

ð15Þ
Notice that GðmÞ
n ðaÞ ¼ G

ðmÞ
0 ðnþ aÞ and AðmÞ

n ðaÞ ¼ A
ðmÞ
1 ðn� 1þ aÞ.

For (14) to be satisfied, we must first have
G
ðmÞ
0 ðaÞuðmÞ0 ðaÞ ¼ 0: ð16Þ
The terms with n = 1 give
G
ðmÞ
1 ðaÞuðmÞ1 ðaÞ þ inAðmÞ

1 ðaÞuðmÞ0 ðaÞ ¼ 0: ð17Þ
Subsequent terms give
GðmÞ
n ðaÞuðmÞn þ inAðmÞ

n ðaÞuðmÞn�1 þ Bu
ðmÞ
n�2 ¼ 0; n P 2: ð18Þ
Eq. (16) has a non-trivial solution provided that
det GðmÞ
0 ðaÞ ¼ 0: ð19Þ
This equation, the indicial equation, determines a; in general, there are six solutions. For each allowable
a, (16) then determines the form of (the eigenvector) u0. We are usually interested in non-negative (real) a
because we want u(r) to be bounded at r = 0. Also, as in the static case (Ting, 1996; Tarn, 2002), values of a
with 0 < a < 1 give rise to singular stresses at r = 0; this is a consequence of the cylindrical-anisotropy
model.

Once we have selected an allowable value for a, we can use (17) and (18) to determine u1,u2, . . . in terms
of u0. Then, regardless of the choice of u0, the infinite series in (13) will give an exact solution of (10), assum-
ing that the series converges. We can do this for each allowable a; note that u0 can be different for different
values of a: u0 = u0(a). Then, we can form linear combinations of these solutions u (with respect to a). Fi-
nally, we can impose the lateral boundary condition (discussed next), in order to determine u0(a).

3.1. Lateral boundary condition

Substituting (13) in (11) gives rtrðrÞ ¼
P1

n¼0r
nþabðmÞn ðaÞ, where
b
ðmÞ
0 ðaÞ ¼ ðaQþ RKmÞuðmÞ0 ðaÞ; ð20Þ

bðmÞn ðaÞ ¼ fðnþ aÞQþ RKmguðmÞn ðaÞ þ inPuðmÞn�1ðaÞ; n P 1: ð21Þ

From the calculations above, we know (in principle, at least) how to express uðmÞn in terms of uðmÞl with

0 6 l < n; doing this ensures that the governing equation of motion is satisfied. Then, using a weighted
sum over all allowable a, we write
uðrÞ ¼
X
a

e�a
X1
n¼0

rnþauðmÞn ðaÞ: ð22Þ
The factors of e�a here are algebraically convenient; note that the coefficients uðmÞn ðaÞ could depend on e.
The lateral boundary condition (12) on r = e gives
X

a

X1
n¼0

enbðmÞn ðaÞ ¼ 0: ð23Þ
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Then, our strategy is to truncate (23) in order to satisfy the lateral boundary condition, approximately.
Our precise truncation strategy will be given later after we have discussed solutions of the indicial equation
(19).

At this point, we simplify the calculations by considering materials with cylindrical orthotropy. This is a
plausible model for wood, and includes isotropic materials as a special case. Calculations for axisymmetric
motions, for which m = 0, are made in (Martin, 2004); this is the simplest situation. Here, we assume that
m5 0, and are especially interested in flexural motions for which m = 1.
4. Cylindrical orthotropy

For materials with cylindrical orthotropy, there are nine non-trivial stiffnesses, namely C11, C12, C13, C22,
C23, C33, C44, C55 and C66. The matrices Q, R, T, P, M and S simplify to
Q ¼
C11 0 0

0 C66 0

0 0 C55

0
B@

1
CA; R ¼

0 C12 0

C66 0 0

0 0 0

0
B@

1
CA;

T ¼
C66 0 0

0 C22 0

0 0 C44

0
B@

1
CA; P ¼

0 0 C13

0 0 0

C55 0 0

0
B@

1
CA;

M ¼
C55 0 0

0 C44 0

0 0 C33

0
B@

1
CA; S ¼

0 0 0

0 0 C23

0 C44 0

0
B@

1
CA;
and the system (10) simplifies accordingly.
Isotropy is a special case of cylindrical orthotropy. For isotropic materials, C11 = C22 = C33 = k + 2l,

C12 = C13 = C23 = k and C44 = C55 = C66 = l, where k and l are the Lamé moduli. Exact solutions of
(10) are well known for isotropic solids; see, for example, (Achenbach, 1973, Section 6.9) or (Graff,
1975, Section 8.2).

Elementary calculations give
G
ðmÞ
0 ðaÞ ¼

G11 G12 0

G21 G22 0

0 0 G33

0
B@

1
CA and A

ðmÞ
1 ðaÞ ¼

0 0 A13

0 0 A23

A31 A32 0

0
B@

1
CA; ð24Þ
where
G11 ¼ a2C11 � C22 � m2C66; G12 ¼ jm½aðC12 þ C66Þ � C22 � C66�;
G21 ¼ jm½aðC12 þ C66Þ þ C22 þ C66�; G22 ¼ ða2 � 1ÞC66 � m2C22;

G33 ¼ a2C55 � m2C44;

A13 ¼ ðaþ 1ÞC13 � C23 þ aC55; A31 ¼ aC13 þ C23 þ ðaþ 1ÞC55
and
A23 ¼ A32 ¼ jmðC23 þ C44Þ:
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For cylindrical orthotropy, we can simplify (19) using (24) to give
det GðmÞ
0 ðaÞ ¼ C2

66ða2C55 � m2C44ÞD0ða;mÞ ¼ 0; ð25Þ

where D0ða;mÞ ¼ a4c1 þ a2fm2ðc212 þ 2c12 � c1c2Þ � c1 � c2g þ ðm2 � 1Þ2c2, c1 = C11/C66, c12 = C12/C66 and
c2 = C22/C66. The equation D0(a;m) = 0 was investigated in (Martin and Berger, 2001, p. 1163). It is a
quadratic in a2. Hence, all six solutions of (25) can be found explicitly. We are interested in non-negative
(real) solutions because we want displacements that are bounded at r = 0.
5. Flexural vibrations of a rod

In the remainder of the paper, we consider flexural vibrations only, for which m = 1. Henceforth, we sup-

press the superscript �(1)� to simplify notation. Then, (25) has three non-negative solutions; they are a = 0,
a ¼ ~a and a ¼ â, where â ¼ ðC44=C55Þ1=2 and
~a ¼ ½C11C22 � C2
12 þ C66ðC11 � 2C12 þ C22Þ�=ðC11C66Þ

� �1=2
: ð26Þ
(For isotropic solids, we obtain â ¼ 1 and ~a ¼ 2.) Thus, we have
det G0ðaÞ ¼ C11C55C66a
2ða2 � ~a2Þða2 � â2Þ:
Introduce the notation hbii for the ith component of the vector b, i = 1,2,3. Then, with u = (u, jv,w)T

(note the factor j, introduced for algebraic convenience), we obtain
hG0ðaÞui1 ¼ ða2C11 � C22 � C66Þu� ½aðC12 þ C66Þ � C22 � C66�v;

hG0ðaÞui2 ¼ jf½aðC12 þ C66Þ þ C22 þ C66�uþ ½ða2 � 1ÞC66 � C22�vg;

hG0ðaÞui3 ¼ ða2C55 � C44Þw;
hA1ðaÞui1 ¼ ½ðaþ 1ÞC13 � C23 þ aC55�w;
hA1ðaÞui2 ¼ jðC23 þ C44Þw;
hA1ðaÞui3 ¼ ½aC13 þ C23 þ ðaþ 1ÞC55�u� ðC23 þ C44Þv:
From (20) and (21), with un = (un, jvn,wn)
T, we obtain
b0ðaÞ ¼ ½ðaC11 þ C12Þu0 � C12v0; jC66fu0 þ ða� 1Þv0g; aC55w0�T ð27Þ

and, for n P 1,
hbnðaÞi1 ¼ ½ðnþ aÞC11 þ C12�un � C12vn þ inC13wn�1; ð28Þ

hbnðaÞi2 ¼ jC66½un þ ðnþ a� 1Þvn�; ð29Þ

hbnðaÞi3 ¼ C55½ðnþ aÞwn þ inun�1�: ð30Þ

Now, we shall truncate (23), arising from the lateral boundary condition, as follows:
X

aP0

b0ðaÞ þ eb1ðaÞ þ e2b2ðaÞ
� �

þ e3b3ð0Þ þ e4b4ð0Þ ¼ 0: ð31Þ
Thus, we include two more terms corresponding to a = 0 than those corresponding to a ¼ ~a and a ¼ â.
This will ensure that we obtain a consistent approximation for long waves; see Appendix A. Evidently,
more terms could be included in (31) if desired, but at the expense of further calculations.

In Appendix B, we give detailed solutions for a = 0, a ¼ ~a and a ¼ â. Here, we summarise the results.
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5.1. Solution for a = 0

For a = 0, (31) shows that we need un for 0 6 n 6 4. Eq. (16) (with m = 1 and a = 0) gives
u0 ¼ ðu0; ju0; 0ÞT; ð32Þ

for some constant u0. Further calculation gives u1, u2, u3 and u4 in terms of u0. The corresponding tractions
are given by
b0ð0Þ ¼ b1ð0Þ ¼ 0;

b2ð0Þ ¼ u0½C1.ðxLÞ2 � n2A; jfC2.ðxLÞ2 þ n2Ag; 0�T; ð33Þ

b3ð0Þ ¼ u0½0; 0; infC3.ðxLÞ2 � n2A3g�T; ð34Þ

hb4ð0Þi1 ¼ u0f.2ðxLÞ4H1 � .ðxLÞ2n2J1 þ n4L1g; ð35Þ

hb4ð0Þi2 ¼ ju0f.2ðxLÞ4H2 � .ðxLÞ2n2J2 þ n4L2g ð36Þ

and hb4(0)i3 = 0. All the constants appearing in (33)–(36) are defined in Appendix B. In particular, we note
that
C1 þ C2 ¼ �1: ð37Þ
5.2. Solution for a ¼ ~a

This solution has a similar form to that obtained when a = 0. We find that
u0 ¼ ð ~U 0~v0; j~v0; 0ÞT
for some constant ~v0, where
~U 0 ¼ ½~aðC12 þ C66Þ � C22 � C66�=ð~a2C11 � C22 � C66Þ: ð38Þ

Further calculation gives u1 and u2. The corresponding tractions are given by
b0ð~aÞ ¼ ~v0½~E;�j~E; 0�T; ð39Þ

b1ð~aÞ ¼ ~v0½0; 0; in ~D3�T; ð40Þ

b2ð~aÞ ¼ ~v0½~C1.ðxLÞ2 � n2 ~A1; jf~C2.ðxLÞ2 � n2 ~A2g; 0�T; ð41Þ

where all the constants appearing here are defined in Appendix B.

5.3. Solution for a ¼ â

In this case, we find that u0 ¼ ð0; 0; ŵ0ÞT, where ŵ0 is a constant. After calculating u1 and u2, we obtain
expressions for the corresponding tractions:
b0ðâÞ ¼ ŵ0½0; 0; âC55�T; ð42Þ

b1ðâÞ ¼ ŵ0½inD̂1; jinD̂2; 0�T; ð43Þ

b2ðâÞ ¼ ŵ0½0; 0; Ĉ.ðxLÞ2 � n2Â�T; ð44Þ
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where Â, Ĉ, D̂1 and D̂2 are defined in Appendix B. In particular, we have
D̂1 þ D̂2 ¼ �âC55: ð45Þ
5.4. Isotropic limit

The solutions obtained in Section 5.2 when a ¼ ~a are well defined for isotropic media (for which ~a ¼ 2).
Thus,
~U 0 ¼
k� l

3kþ 5l
¼ 4m� 1

5� 4m
;

where m is Poisson�s ratio. Similarly,
~E ¼ � 4l
5� 4m

; ~D3 ¼
2lð1þ 2mÞ
5� 4m

;

~A1 ¼ � 2lð1þ mÞ
3ð5� 4mÞ ;

~A2 ¼ � 2lð2� mÞ
3ð5� 4mÞ ;

~C1 ¼
1� 6mþ 4m2

6ð1� mÞð5� 4mÞ ;
~C2 ¼

12m� 7� 4m2

6ð1� mÞð5� 4mÞ :
However, those obtained in Section 5.1 (when a = 0) and in Section 5.3 (when a ¼ â) are indeterminate.
To obtain the isotropic limit in these two cases, we begin by specialising to tetragonal materials, for which
C11 = C22, C13 = C23 and C44 = C55; see Appendix B. Then, for a = 0, we find that
A ¼ C2 ¼ 0 and C1 ¼ �1; ð46Þ

consistent with (37). For n = 3, we find A3 ¼ lð3þ 2mÞ=4 and C3 ¼ ð1þ mÞ=2. The formulas for n = 4 can
then be obtained from (B.23)–(B.28).

Similarly, for isotropic materials (for which â ¼ 1), we find that
D̂1 ¼ �l; D̂2 ¼ 0; Â ¼ �5l=8 and Ĉ ¼ �3=8; ð47Þ

consistent with (45).
6. Dispersion relation for rods

Having found solutions of the equation of motion, the next step is to apply the lateral boundary condi-
tion. We approximate this condition as (31); this vector equation has three components and we have three
unknown constants, namely, u0, ~v0 and ŵ0. Explicitly, (31) gives
hb0ð~aÞi1 þ ehb1ðâÞi1 þ e2hb2ð0Þi1 þ e2hb2ð~aÞi1 þ e4hb4ð0Þi1 ¼ 0;

hb0ð~aÞi2 þ ehb1ðâÞi2 þ e2hb2ð0Þi2 þ e2hb2ð~aÞi2 þ e4hb4ð0Þi2 ¼ 0;

hb0ðâÞi3 þ ehb1ð~aÞi3 þ e2hb2ðâÞi3 þ e3hb3ð0Þi3 ¼ 0;
once vanishing contributions have been removed. Substituting the appropriate expressions for hbi(a)ij, as
obtained in Section 5, we obtain
Zðu0;~v0; ŵ0ÞT ¼ 0; ð48Þ
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where
Z ¼
Z11 b~C1 þ ~E� j2 ~A1 ijD̂1

Z21 b~C2 � ~E� j2 ~A2 ijD̂2

ijðbC3 � j2A3Þ ij ~D3 bĈþ âC55 � j2Â

0
B@

1
CA;

Z11 ¼ bC1 � j2Aþ b2H1 � bj2J1 þ j4L1;

Z21 ¼ bC2 þ j2Aþ b2H2 � bj2J2 þ j4L2;
b = .(xa)2, a is the cross-sectional radius, and, in the notation of Achenbach (1973, Chapter 6), we have
en = ka = j, say; k is the axial wavenumber (so that the axial wavelength is 2p/k). For non-trivial solutions,
we require detZ = 0; this gives
Z11fðb~C2 � ~E� j2 ~A2ÞðbĈþ âC55 � j2ÂÞ þ j2D̂2
~D3g � Z21fðb~C1 þ ~E� j2 ~A1ÞðbĈþ âC55 � j2ÂÞ

þ j2D̂1
~D3g þ j2ðbC3 � j2A3ÞfD̂1ðb~C2 � ~E� j2 ~A2Þ � D̂2ðb~C1 þ ~E� j2 ~A1Þg ¼ 0; ð49Þ
which involves j as j2. Apart from b and j, all the other coefficients in (49) are material constants. Eq. (49)
is our main result: it is a dispersion relation governing the propagation of long flexural waves along a rod
made from an elastic material with cylindrical orthotropy.

6.1. Long-wavelength approximations

We anticipate that our model is appropriate for long waves. Thus, guided by (49), we put
b ¼ j2X2 þ j4X4 þ Oðj6Þ as j ! 0; ð50Þ

and then determine X2 and X4. Using the general results from Appendix A, we have
det Z ¼ j2Z2 þ j4Z4 þ higher powers of j2: ð51Þ

In the notation of (A.1)–(A.5), we have A2 ¼ C1X2 �A, D2 ¼ C2X2 þA, B0 ¼ �E0 ¼ �~E and

I0 ¼ âC55, so that
Z2 ¼ âC55
~EX2; ð52Þ
where we have used (37) and (A.6). As detZ = 0, we deduce from Z2 ¼ 0 that X2 = 0, as no other quantity
in (52) can vanish. Hence, (50) reduces to
b ¼ j4X4 þ Oðj6Þ as j ! 0: ð53Þ

This is consistent with the known exact result for isotropic rods, as given in (2); see (Achenbach, 1973, p.

248):
b ¼ .ðxaÞ2 ¼ lð3kþ 2lÞ
4ðkþ lÞ j4 þ Oðj6Þ as j ! 0: ð54Þ
For Z4, we use (A.7). As X2 = 0, we obtain A2 ¼ �D2 ¼ �A, A4 ¼ C1X4 þL1, D4 ¼ C2X4 þL2,
B2 ¼ � ~A1, E2 ¼ � ~A2, I2 ¼ �Â, C1 ¼ iD̂1, F 1 ¼ iD̂2, G3 ¼ �iA3 and H 1 ¼ i ~D3. Hence, using (37) and
(A.7), we obtain
Z4 ¼ âC55
~EðX4 �L1 �L2Þ þA3

~EðD̂1 þ D̂2Þ þAfâC55ð ~A1 þ ~A2Þ � ~D3ðD̂1 þ D̂2Þg:

Then, from Z4 ¼ 0, we obtain
X4 ¼ L1 þL2 þA3 � ð ~A1 þ ~A2 þ ~D3ÞA=~E; ð55Þ
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after using (45). We conclude that the long-wave form of the dispersion relation is .(xa)2 = X4(ka)
4, where

X4 is defined by (55).
Let us give X4 more explicitly. Using (B.25), (B.28), (B.21) and (B.22), we obtain
4ðL1 þL2Þ ¼ f ð3Þ
4 þ gð3Þ4 þ 4C13U 3 ¼ �U 2C55 � V 2C44 � U 3ðC44 þ 3C55Þ;
for the second equality, we used (B.17) and (B.18). Hence, (B.15) and (B.14) give
4ðL1 þL2 þA3Þ ¼ 3U 2C55 � V 2C44 þ U 3ð9C55 � C44Þ ¼ �U 2ð2C13 þ C23Þ þ V 2C23 þ C33; ð56Þ
where U2 and V2 are given by (B.10) and (B.11), respectively. Thus,
D2ðL1 þL2 þA3Þ ¼ �jC3j þ C66fC33ð3C11 þ 2C12 � C22Þ � ðC13 þ C23Þð3C13 � C23Þg; ð57Þ
where D2 is defined by (B.7) and
j C3 j¼ det

C11 C12 C13

C12 C22 C23

C13 C23 C33

0
B@

1
CA: ð58Þ
Using (B.33), (B.34), (B.37) and (B.38), explicit calculation gives
ð~aþ 2Þð ~A1 þ ~A2Þ ¼ �C44ð1þ ~W 1Þ � C55
~U 0 � ð~aþ 1ÞC55

~W 1;
where ~U 0 and ~W 1 are given by (38) and (B.31), respectively. Then, (B.36) gives
ð~aþ 2Þð ~A1 þ ~A2 þ ~D3Þ ¼ ð~aþ 1ÞC55½ ~U 0 þ ð~aþ 1Þ ~W 1� � C44ð1þ ~W 1Þ ¼ C23ð1� ~U 0Þ � ~aC13
~U 0:
The other terms in (55), namely A and ~E, are given by (B.12), (B.35) and (B.39). Thus, we obtain
ð ~A1 þ ~A2 þ ~D3Þ=~E ¼ C23ð~aC11 � C12 � C66Þ � C13f~aðC12 þ C66Þ � C22 � C66g
ð~aþ 2ÞC66fC22 � C12 þ ~að1� ~aÞC11g

: ð59Þ
Summarising, the long-wave form of the dispersion relation is .(xa)2 = X4(ka)
4, where X4 is defined by

(55), (57) and (59). These formulas hold for cylindrically orthotropic materials. For such materials, we note
that the compliance s33 is given by
s�1
33 ¼ jC3j=ðC11C22 � C2

12Þ;

where jC3j is defined by (58) (and it occurs in (57)).

Now, let us specialise to tetragonal solids, defined by (B.44). Then, (46) gives A ¼ 0, and (B.46) gives U2

and V2. Then, from (55) and (56), we obtain
X4 ¼
1

4
C33 �

1

2
C2

13=ðC11 þ C12Þ ¼
1

4
s�1
33 ¼ 1

4
E3;
where E3 is Young�s modulus in the z-direction. Hence, we recover (5). Finally, specialising further to
isotropic solids, we recover the well-known result (54). If one looks at the long-wavelength form of the
solutions to (48), supposing that u0 = O(1) as j ! 0, one finds that ŵ0 ¼ Oðj3Þ;~v0 ¼ Oðj2Þ if A 6¼ 0,
and ~v0 ¼ Oðj4Þ if A ¼ 0 (which includes isotropy). Thus, u0 gives the main contribution. As v0 = ju0
(see (32)), we see that the main effect is uniform displacement in the x-direction (real part with respect
to j) or in the y-direction (imaginary part with respect to j): this is what one expects for simple flexural
motions.
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7. Conclusions

We have described a systematic procedure for solving the problem of wave propagation in a rod of cir-
cular cross-section. The rod is made from an elastic solid with cylindrical anisotropy. Detailed results were
given for flexural motion and cylindrical orthotropy (nine elastic stiffnesses).

The theory employs power series in r. Note that we do not limit ourselves to polynomials in r, and so we
are not limited, in principle, to very long waves. Nevertheless, it turns out that the low-order truncations
obtained work best for longer waves. In fact, the equation of motion is satisfied exactly but the lateral
boundary condition is satisfied approximately because the relevant power series are truncated. The main
issue is how to truncate properly: we propose to truncate so that all terms up to a certain power of ka
are included, and this ensures that we obtain the correct long-wave behaviour. The same truncation strategy
can be used for other problems involving non-cylindrical but axisymmetric, anisotropic bars. Moreover, as
in (Boström, 2000), we could attain improved accuracy by retaining more terms in the truncation, but this
would only be practicable by using software for symbolic manipulation.
Appendix A. Expanding a determinant

In general, for a matrix
Z ¼
A B C

D E F

G H I

0
B@

1
CA; ðA:1Þ
we have detZ = A(EI � FH) � B(DI � FG) + C(DH � EG). Suppose now that A,B, . . ., I are functions of a
small parameter j, and we want to estimate detZ for small j. Specifically, suppose that
A ¼ A2j
2 þ A4j

4 þ Oðj6Þ; B ¼ B0 þ B2j
2 þ Oðj4Þ; ðA:2Þ

C ¼ C1jþ Oðj3Þ; D ¼ D2j
2 þ D4j

4 þ Oðj6Þ; ðA:3Þ

E ¼ E0 þ E2j
2 þ Oðj4Þ; F ¼ F 1jþ Oðj3Þ; ðA:4Þ

G ¼ G3j
3 þ Oðj5Þ; H ¼ H 1jþ Oðj3Þ; I ¼ I0 þ I2j2 þ Oðj4Þ ðA:5Þ
as j ! 0. Then, we find that detZ is given by (51), where
Z2 ¼ ðA2E0 � B0D2ÞI0; ðA:6Þ

Z4 ¼ ðA4E0 � B0D4ÞI0 þ A2ðE0I2 þ E2I0 � F 1H 1Þ � D2ðB0I2 þ B2I0 � C1H 1Þ þ G3ðB0F 1 � C1E0Þ:
ðA:7Þ
Notice that all terms given in (A.2)–(A.5) are needed (and no others) if one wants complete expressions
for Z2 and Z4. This observation motivates the truncation (31).
Appendix B. Frobenius solutions

Solution for a = 0. Eq. (16) (with m = 1 and a = 0) becomes
c jc 0

�jc c 0

0 0 C44

0
B@

1
CA

u0
jv0
w0

0
B@

1
CA ¼

0

0

0

0
B@

1
CA;
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where c = C22 + C66. As c 5 0 and C44 5 0, we obtain
u0 ¼ ðu0; ju0; 0ÞT; ðB:1Þ
for some constant u0, whence (27) gives b0(0) = 0.
Next, writing u1 = (u1, jv1,w1)

T, (17) (with m = 1 and a = 0) reduces to
C11 � C22 � C66 jðC12 � C22Þ
jðC12 þ C22 þ 2C66Þ �C22

� �
u1
jv1

� �
¼

0

0

� �
ðB:2Þ
and
ðC44 � C55Þðw1 þ inu0Þ ¼ 0; ðB:3Þ

where we have used (B.1). The determinant of the 2 · 2 system (B.2) is
C11C66ð1� ~a2Þ ¼ C2
12 � C11C22 þ C66ð2C12 � C22Þ; ðB:4Þ
we assume that ~a 6¼ 1 whence u1 = v1 = 0. (For isotropic solids, (B.4) reduces to �3l(k + 2l) 5 0.) Then,
(28)–(30) give
b1ð0Þ ¼ ½0; 0;C55ðw1 þ inu0Þ�T: ðB:5Þ
The conclusion drawn from (B.3) depends on C44 and C55: if C44 5 C55, we obtain w1 = �inu0 and
b1(0) = 0, whereas if C44 = C55 (as for isotropic solids), w1 remains undetermined.

The next step is to consider (18) with n = 2, m = 1 and a = 0. Writing u2 = (u2, jv2,w2)
T, we obtain
4C11 � C22 � C66 jð2C12 � C22 þ C66Þ
jð2C12 þ C22 þ 3C66Þ 3C66 � C22

� �
u2
jv2

� �
¼

f2
g2

� �
ðB:6Þ
and (C44 � 4C55)w2 = 0; we assume that this last equation gives w2 = 0. In (B.6), the vector on the right-
hand side has components
f2 ¼ �inð2C13 � C23 þ C55Þw1 þ n2C55u0 � .ðxLÞ2u0;
g2 ¼ jf�inðC23 þ C44Þw1 þ n2C44u0 � .ðxLÞ2u0g:
Also, the determinant of the 2 · 2 system (B.6) is
4C11C66ð4� ~a2Þ ¼ 4fC2
12 � C11C22 þ C66ð3C11 þ 2C12 � C22Þg ¼ D2; ðB:7Þ
say, which vanishes when ~a ¼ 2. This exceptional case includes isotropy. From (28)–(30), we obtain
b2ð0Þ ¼ ½ð2C11 þ C12Þu2 � C12v2 þ inC13w1; jC66ðu2 þ v2Þ; 0�T: ðB:8Þ

Now, consider the generic situation in which C44 5 C55 and D2 5 0. (This excludes isotropy, which we

shall return to later; in fact, we will obtain results for isotropic media by a limiting procedure.) From (B.3),
we obtain w1 = �inu0, whence f2 = �{n2(2C13 � C23) + .(xL)2}u0, g2 = � j{n2C23 + .(xL)2}u0 and, from
(B.5), b1(0) = 0. Then, as D2 5 0, (B.6) determines u2 and v2 in terms of u0. Explicitly,
u2 ¼ fX 2.ðxLÞ2 � n2U 2gu0 and v2 ¼ fY 2.ðxLÞ2 � n2V 2gu0; ðB:9Þ

where
D2U 2 ¼ 2fC12C23 � C13C22 þ C66ð3C13 � C23Þg;
D2X 2 ¼ 2ðC22 � C12 � 2C66Þ;

ðB:10Þ
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D2V 2 ¼ 2fC12C23 � C13C22 þ 2ðC11C23 � C12C13Þ � C66ð3C13 � C23Þg;
D2Y 2 ¼ 2ðC12 þ C22 � 2C11 þ 2C66Þ:

ðB:11Þ
From (B.8), we find that b2(0) is given by (33), where
D2A ¼ 4C66fðC13 � C23ÞC12 þ C13C22 � C11C23g;
D2C1 ¼ 4fC11C22 � C2

12 � 2C66ðC11 þ C12Þg;
D2C2 ¼ 4C66ðC22 � C11Þ:

ðB:12Þ
Explicit calculation, using (26) and (B.7), gives (37).
Continuing with n = 3, we find that u3 = (0,0,w3)

T, where
w3 ¼ infX 3.ðxLÞ2 � n2U 3gu0; ðB:13Þ

ð9C55 � C44ÞX 3 ¼ 1� ð2C13 þ C23 þ 3C55ÞX 2 þ ðC23 þ C44ÞY 2;

ð9C55 � C44ÞU 3 ¼ C33 � ð2C13 þ C23 þ 3C55ÞU 2 þ ðC23 þ C44ÞV 2:
ðB:14Þ
Hence, b3(0) is given by (34), where
C3 ¼ C55ð3X 3 þ X 2Þ and A3 ¼ C55ð3U 3 þ U 2Þ: ðB:15Þ
For n = 4, we obtain u4 = (u4, jv4,0)
T, where
16C11 � C22 � C66 jð4C12 � C22 þ 3C66Þ
jð4C12 þ C22 þ 5C66Þ 15C66 � C22

� �
u4
jv4

� �
¼

f4
g4

� �
; ðB:16Þ

f4 ¼ f.2ðxLÞ4f ð1Þ
4 � .ðxLÞ2n2f ð2Þ

4 þ n4f ð3Þ
4 gu0;

g4 ¼ jf.2ðxLÞ4gð1Þ4 � .ðxLÞ2n2gð2Þ4 þ n4gð3Þ4 gu0;

f ð1Þ
4 ¼ �X 2;

f ð2Þ
4 ¼ �X 2C55 � U 2 � X 3ð4C13 � C23 þ 3C55Þ;
f ð3Þ
4 ¼ �U 2C55 � U 3ð4C13 � C23 þ 3C55Þ;

ðB:17Þ

gð1Þ4 ¼ �Y 2;

gð2Þ4 ¼ �Y 2C44 � V 2 � X 3ðC23 þ C44Þ;
gð3Þ4 ¼ �V 2C44 � U 3ðC23 þ C44Þ:

ðB:18Þ
Hence, we can write
u4 ¼ f.2ðxLÞ4X ð1Þ
4 � .ðxLÞ2n2X ð2Þ

4 þ n4X ð3Þ
4 gu0; ðB:19Þ

v4 ¼ f.2ðxLÞ4Y ð1Þ
4 � .ðxLÞ2n2Y ð2Þ

4 þ n4Y ð3Þ
4 gu0; ðB:20Þ
where X ð‘Þ
4 and Y ð‘Þ

4 (‘ = 1,2,3) solve separate systems,
16C11 � C22 � C66 C22 � 4C12 � 3C66

4C12 þ C22 þ 5C66 15C66 � C22

� �
X ð‘Þ

4

Y ð‘Þ
4

 !
¼ f ð‘Þ

4

gð‘Þ4

 !
:
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Thus,
D4X
ð‘Þ
4 ¼ ð15C66 � C22Þf ð‘Þ

4 þ ð4C12 � C22 þ 3C66Þgð‘Þ4 ; ðB:21Þ

D4Y
ð‘Þ
4 ¼ �ð4C12 þ C22 þ 5C66Þf ð‘Þ

4 þ ð16C11 � C22 � C66Þgð‘Þ4 ; ðB:22Þ

where D4 ¼ 16fC2

12 � C11C22 þ C66ð15C11 þ 2C12 � C22Þg and ‘ = 1,2,3.
The corresponding tractions are given by (35) and (36) and hb4(0)i3 = 0, where
H1 ¼ ð4C11 þ C12ÞX ð1Þ
4 � C12Y

ð1Þ
4 ; ðB:23Þ

J1 ¼ ð4C11 þ C12ÞX ð2Þ
4 � C12Y

ð2Þ
4 þ C13X 3; ðB:24Þ

L1 ¼ ð4C11 þ C12ÞX ð3Þ
4 � C12Y

ð3Þ
4 þ C13U 3; ðB:25Þ

H2 ¼ C66fX ð1Þ
4 þ 3Y ð1Þ

4 g; ðB:26Þ

J2 ¼ C66fX ð2Þ
4 þ 3Y ð2Þ

4 g; ðB:27Þ

L2 ¼ C66fX ð3Þ
4 þ 3Y ð3Þ

4 g: ðB:28Þ

Summary for a = 0.
u0 ¼ ðu0; jv0; 0ÞT with v0 ¼ u0;

u1 ¼ ð0; 0;w1ÞT with w1 ¼ �inu0;

u2 ¼ ðu2; jv2; 0ÞT with u2 and v2 givenðuniquelyÞ by (B.9);

u3 ¼ ð0; 0;w3ÞT with w3 given by (B.13);

u4 ¼ ðu4; jv4; 0ÞT with u4 and v4 given by (B.19) and (B.20):
Also, b0(0) = b1(0) = 0, and b2(0), b3(0) and b4(0) are given by (33)–(36) in terms of the single unknown
constant u0.

Solution for a ¼ ~a. Writing u0 ¼ ð~u0; j~v0; ~w0ÞT, we find that ~w0 ¼ 0 and that ~u0 and ~v0 are related by
hG0ð~aÞu0i1 ¼ 0 (or hG0ð~aÞu0i2 ¼ 0):
~u0 ¼ ~U 0~v0 ðB:29Þ

with ~U 0 given by (38). Writing u1 ¼ ð~u1; j~v1; ~w1ÞT, we find that ~u1 ¼ ~v1 ¼ 0, whereas the equation
hG0ð~aþ 1Þu1 þ inA1ð~aÞu0i3 ¼ 0 gives
~w1 ¼ in ~W 1~v0; ðB:30Þ

where
½C44 � ð~aþ 1Þ2C55� ~W 1 ¼ ½~aC13 þ C23 þ ð~aþ 1ÞC55� ~U 0 � C23 � C44: ðB:31Þ

Then, writing u2 ¼ ð~u2; j~v2; ~w2ÞT, we find that ~w2 ¼ 0, whereas ~u2 and ~v2 solve a 2 · 2 system,
½ð~aþ 2Þ2C11 � C22 � C66�~u2 � ½ð~aþ 2ÞðC12 þ C66Þ � C22 � C66�~v2 ¼ ~f 2;

½ð~aþ 2ÞðC12 þ C66Þ þ C22 þ C66�~u2 þ f½ð~aþ 2Þ2 � 1�C66 � C22g~v2 ¼ ~g2;
where
~f 2 ¼ �½ð~aþ 2ÞC13 � C23 þ ð~aþ 1ÞC55�in~w1 þ n2C55~u0 � .ðxLÞ2~u0 ¼ fn2~F 2 � .ðxLÞ2 ~U 0g~v0;
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~g2 ¼ �ðC23 þ C44Þin~w1 þ n2C44~v0 � .ðxLÞ2~v0 ¼ fn2 ~G2 � .ðxLÞ2g~v0;

~F 2 ¼ ½ð~aþ 2ÞC13 � C23 þ ð~aþ 1ÞC55� ~W 1 þ C55
~U 0;

~G2 ¼ ðC23 þ C44Þ ~W 1 þ C44:
The determinant of the system for ~u2 and ~v2 is 4C11C66ð~aþ 1Þð~aþ 2Þ2 ¼ ~D2, say, which does not vanish.
Hence, solving for ~u2 and ~v2, we obtain
~u2 ¼ f~X 2.ðxLÞ2 � n2 ~U 2g~v0 and ~v2 ¼ f~Y 2.ðxLÞ2 � n2 ~V 2g~v0; ðB:32Þ
where
~D2
~U 2 ¼ ð~aþ 2Þ ~W 1fC13C22 � C12C23 þ ð~aþ 1ÞC66½C23 � ð~aþ 3ÞC13�g þ ð1þ ~W 1ÞC44fC22 � ð~aþ 2ÞC12

� ð~aþ 1ÞC66g þ ½ ~U 0 þ ð~aþ 1Þ ~W 1�C55fC22 � ð~aþ 1Þð~aþ 3ÞC66g; ðB:33Þ

~D2
~V 2 ¼ ð~aþ 2Þ ~W 1fC13C22 � C12C23 þ ð~aþ 2ÞðC12C13 � C11C23Þ þ C66½ð~aþ 3ÞC13 � C23�g

þ ð1þ ~W 1ÞC44fC22 � ð~aþ 2Þ2C11 þ C66g þ ½ ~U 0 þ ð~aþ 1Þ ~W 1�C55fð~aþ 2ÞC12

þ C22 þ ð~aþ 3ÞC66g; ðB:34Þ

~D2
~X 2 ¼ ð1þ ~U 0ÞC22 � ð~aþ 2ÞC12 � ð~aþ 1Þ½ð~aþ 3Þ ~U 0 þ 1�C66;

~D2
~Y 2 ¼ ð1þ ~U 0ÞC22 þ ð~aþ 2Þ ~U 0C12 � ð~aþ 2Þ2C11 þ ½ð~aþ 3Þ ~U 0 þ 1�C66:
The corresponding tractions are given by
b0ð~aÞ ¼ ½ð~aC11 þ C12Þ~u0 � C12~v0; jC66f~u0 þ ð~a� 1Þ~v0g; 0�T ¼ ½~E1~v0; j~E2~v0; 0�T;

b1ð~aÞ ¼ ½0; 0; ð~aþ 1ÞC55~w1 þ inC55~u0�T ¼ ½0; 0; in ~D3~v0�T;

hb2ð~aÞi1 ¼ ½ð~aþ 2ÞC11 þ C12�~u2 � C12~v2 þ inC13~w1 ¼ f~C1.ðxLÞ2 � n2 ~A1g~v0;

hb2ð~aÞi2 ¼ jC66½~u2 þ ð~aþ 1Þ~v2� ¼ jf~C2.ðxLÞ2 � n2 ~A2g~v0
and hb2ð~aÞi3 ¼ 0, where
~E1 ¼ ~a ~U 0C11 þ ð ~U 0 � 1ÞC12; ~E2 ¼ ð~a� 1þ ~U 0ÞC66; ðB:35Þ

~D3 ¼ f ~U 0 þ ð~aþ 1Þ ~W 1gC55; ðB:36Þ

~A1 ¼ ½ð~aþ 2ÞC11 þ C12� ~U 2 � C12
~V 2 þ C13

~W 1;

~C1 ¼ ½ð~aþ 2ÞC11 þ C12�~X 2 � C12
~Y 2;

ðB:37Þ

~A2 ¼ C66½ ~U 2 þ ð~aþ 1Þ~V 2�;
~C2 ¼ C66½~X 2 þ ð~aþ 1Þ~Y 2�:

ðB:38Þ
Direct calculation, using (26) and (38), shows that ~E1 þ ~E2 ¼ 0, so that we can write
~E1 � ~E and ~E2 ¼ �~E: ðB:39Þ
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Summary for a ¼ ~a.
u0 ¼ ð~u0; j~v0; 0ÞT with ~u0 and ~v0 related by (B.29);

u1 ¼ ð0; 0; ~w1ÞT with ~w1 given by (B.30);

u2 ¼ ð~u2; j~v2; 0ÞT with ~u2 and ~v2 given uniquely by (B.32):
We also found expressions for b0ð~aÞ, b1ð~aÞ and b2ð~aÞ; they are given by (39)–(41), in terms of the single
unknown constant ~v0.

Solution for a ¼ â. Writing u0 ¼ ðû0; jv̂0; ŵ0ÞT, we find that û0 ¼ v̂0 ¼ 0. Next, writing u1 ¼ ðû1; jv̂1; ŵ1ÞT,
(17) (with m = 1 and a ¼ â) gives ŵ1 ¼ 0 and
½ðâþ 1Þ2C11 � C22 � C66Þ�û1 � ½ðâþ 1ÞC12 � C22 þ âC66�v̂1 ¼ f1; ðB:40Þ

½ðâþ 1ÞðC12 þ C66Þ þ C22 þ C66�û1 þ ½âðâþ 2ÞC66 � C22�v̂1 ¼ g1; ðB:41Þ

where f1 ¼ �in½ðâþ 1ÞC13 � C23 þ âC55�ŵ0 and g1 ¼ �inðC23 þ C44Þŵ0. The determinant of the 2 · 2 system
(B.40) and (B.41) is
C11C66ðâþ 1Þ2fðâþ 1Þ2 � ~a2g ¼ ðâþ 1ÞD̂1;
say; this vanishes when â ¼ ~a� 1, as for isotropic solids. Assuming that D̂1 6¼ 0, we can solve (B.40) and
(B.41) uniquely for û1 and v̂1 in terms of ŵ0. Explicitly, we obtain
û1 ¼ inU 1ŵ0 and v̂1 ¼ inV 1ŵ0; ðB:42Þ

where
D̂1U 1 ¼ �âC66½ðâþ 2ÞC13 � C23 þ 2âC55� þ âC55ðC22 � âC12Þ þ C13C22 � C12C23;

D̂1V 1 ¼ C66½ðâþ 2ÞC13 � C23 þ 2âC55� þ âC55½C12 þ C22 � âðâþ 1ÞC11� þ ðâþ 1ÞðC12C13 � C11C23Þ
þ C13C22 � C12C23:
Next, writing u2 ¼ ðû2; jv̂2; ŵ2ÞT, we obtain û2 ¼ v̂2 ¼ 0 and
4ðâþ 1ÞC55ŵ2 ¼ �in½ðâþ 1ÞC13 þ C23 þ ðâþ 2ÞC55�û1 þ inðC23 þ C44Þv̂1 þ n2C33ŵ0 � .ðxLÞ2ŵ0

¼ �f.ðxLÞ2 þ n2W 2gŵ0; ðB:43Þ
where W 2 ¼ �U 1½ðâþ 1ÞC13 þ C23 þ ðâþ 2ÞC55� þ V 1ðC23 þ C44Þ � C33.
The corresponding tractions are given by
b0ðâÞ ¼ ½0; 0; âC55ŵ0�T;
hb1ðâÞi1 ¼ ½ðâþ 1ÞC11 þ C12�û1 � C12v̂1 þ inC13ŵ0 ¼ inD̂1ŵ0;

hb1ðâÞi2 ¼ jC66ðû1 þ âv̂1Þ ¼ jinD̂2ŵ0;

hb2ðâÞi3 ¼ ðâþ 2ÞC55ŵ2 þ inC55û1 ¼ fĈ.ðxLÞ2 � n2Âgŵ0;
and hb1ðâÞi3 ¼ hb2ðâÞi1 ¼ hb2ðâÞi2 ¼ 0, where
D̂1 ¼ ½ðâþ 1ÞC11 þ C12�U 1 � C12V 1 þ C13;

D̂2 ¼ C66ðU 1 þ âV 1Þ;

Â ¼ 1

4
½ðâþ 2Þ=ðâþ 1Þ�W 2 þ C55U 1;

Ĉ ¼ � 1

4
½ðâþ 2Þ=ðâþ 1Þ�:
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Explicit calculations reveal that D̂1 and D̂2 are related by (45).
Summary for a ¼ â.
u0 ¼ ð0; 0; ŵ0ÞT;
u1 ¼ ðû1; jv̂1; 0ÞT with û1 and v̂1 given uniquely by (B.42);

u2 ¼ ð0; 0; ŵ2ÞT with ŵ2 given by (B.43):
We also found expressions for b0ðâÞ, b1ðâÞ and b2ðâÞ; they are given by (42)–(44) in terms of the single
unknown constant ŵ0.

Tetragonal materials. The formulas given above for a = 0 and for a ¼ â are degenerate for isotropic
materials. However, the relevant formulas are easily obtained by first specialising to tetragonal materials,
for which
C11 ¼ C22; C13 ¼ C23 and C44 ¼ C55; ðB:44Þ
see (Ting, 1996, p. 46). Formulas for isotropy and for transverse isotropy are then obtained by simple sub-
stitution. Note that the formulas for a ¼ ~a are not degenerate.

Beginning with a = 0, we make use of (B.44) and find that
D2 ¼ 4ðC11 þ C12ÞðC12 þ 2C66 � C11Þ; ðB:45Þ

U 2 ¼ �V 2 ¼
1

2
C13=ðC11 þ C12Þ; ðB:46Þ

X 2 ¼ �Y 2 ¼ � 1

2

�
ðC11 þ C12Þ:
Also, in (33), we obtain (46). Then, for n = 3, we find
U 3 ¼
C33ðC11 þ C12Þ � 2C13ðC13 þ C55Þ

8C55ðC11 þ C12Þ
;

X 3 ¼
C11 þ C12 þ 2ðC13 þ C55Þ

8C55ðC11 þ C12Þ
;

A3 ¼
3C33ðC11 þ C12Þ � 2C13ð3C13 þ C55Þ

8ðC11 þ C12Þ
;

C3 ¼
3ðC11 þ C12 þ 2C13Þ þ 2C55

8ðC11 þ C12Þ
:

The formulas for n = 4 can then be obtained by evaluating (B.23)–(B.28).
Similarly, for a ¼ â, we find that D̂1 ¼ 2ðC11 þ C12ÞðC12 þ 2C66 � C11Þ,
U 1 ¼ �V 1 ¼ � 1

2
ðC13 þ C55Þ=ðC11 þ C12Þ;

D̂1 ¼ �C55; D̂2 ¼ 0; Ĉ ¼ �3=8;

Â ¼ 2ðC13 þ C55Þð3C13 þ C55Þ � 3C33ðC11 þ C12Þ
8ðC11 þ C12Þ

:

The formulas for D̂1 and D̂2 are consistent with (45).
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